Previous approaches to the problem of prescribing the motion of bipedal machines do not completely characterize the desired walking patterns in terms of coherent parameters. A well structured parametric formulation that ties the objective functions to the resulting gait patterns has never been established.
Introduction
A sound understanding of the dynamic principles governing legged locomotion is an essential requirement in developing high performance all terrain vehicles and in the diagnosis and treatment of gait problems. Mathematical modelling of gait is a complex task which requires knowledge of the dynamics of multi-link mechanisms, control theory, nonlinear dynamics, and stability theory.
Several studies addressing the postural stability of standing bipeds haves been published by Hemami et al. To name only a few, the stability of a three link biped in the vicinity of vertical stance has been considered in Hemami et al. (1979) . Hemami and Zheng (1984) have considered a five-link, threedimensional biped. A methodology was developed to formulate the equations of motion in an embedded large dimensional state space and to obtain projection transforms to represent some basic motions such as one or two-foot stance, and jumping in the air. A nonlinear control strategy with computational delays and predictive algorithms is applied to simulate the resulting motions. Zheng and Hemami (1984) have addressed the effect of impacts of biped impact with the environment. They have demonstrated that impulsive contact forces lead to sudden velocity jumps that cause disturbances that should be eliminated by the underlying control mechanisms. The main thrust of Hemami's work has been directed toward developing proper methods to represent the equations of motion. A particular emphasis was placed on the incorporation of holonomic and non-holonomic constraints that arise from the interconnection of members and interaction with the environment. Several control strategies have been presented to realize non-walking motions such as swaying in the frontal plane, jumping in the air, etc. Coordination of the overall locomotion has never been considered.
On the other hand, Vukobratovic et al. (1980 and 1990) have considered locomotion directly. The fundamental aspect of their approach is the adaptation of human walking data to prescribe the motion of the lower limbs and the application point of the resultant of the reaction forces among the lower limbs and the walking surface. Furthermore, repeatability conditions are added to impose further symmetry conditions on the motion.
Vukobratovic's approach is novel in several aspects such as developing very complicated models having upper body components such as head, shank and upper limbs and foot structures, yet it possesses several important shortcomings. If the mathematical modelling is to be performed to design a bipedal robot, prescription of the motion is based on the data obtained from human locomotion. Normally, a practical walking machine would be consid-erably simpler than the human biped. Therefore, the validity of mimicking the dynamics of a system without a good knowledge of its internal structure and its strategies is questionable. A second problem arises when the design problem is considered. A designer should be able to make decisions based on some tangible characteristics of gait such as walking speeds, step lengths, step elevations, etc. Then, if the robot in question is expected to perform a wide range of gait patterns, numerous synergies should be obtained, stored and implemented on-line. Formulating the objective functions as kinematic relations seems to be the more natural approach to the design of bipedal robots. Whereas, if the modelling is performed to understand the dynamics of human gait by using simplified models, the approach fails to address non-symmetric classes of gait. Such gait patterns are frequently observed in amputees, post-polio syndrome patients, etc. Beletskii (1984) has considered several bipedal locomotion models that possess massless lower limbs. He has formulated closed form solutions for bipedal systems and identified initial conditions that satisfy periodicity conditions. He neglects the masses of legs and the locomotion system is represented by a two dimensional mass which possesses a moving pivot. Since the lower limbs and their interaction with the ground surface play a major role in bipedal locomotion, applicability of these results to the general area of bipedal gait is questionable. Yet, Beletskii's work is based on completely synthesized bipeds, therefore, he defines two parameters to characterize the gait, the velocity of the pivot point and its height. But, since the the lower limbs are neglected, his parametric formulation does not address limb coordination at all. Masubuchi (1987, 1988) have developed numerical and experimental models to synthesize five element bipeds. The approach is based on linearizing the equations of motion around the vertical equilibrium and applying proportional plus derivative feedbacks at individual joints to track prescribed angular displacement profiles. The results are verified experimentally by using a walking machine and periodicity is demonstrated for several walking patterns. Trajectory tracking is carried out in the joint space only, and a coherent method to specify the joint profiles was never presented. Katoh and Mori (1984) , have also developed numerical and experimental models with telescopic legs to simulate bipedal gait. They have used coupled van-der Pol's equations to prescribe the motion. Yet, no direct ties were established between the parameters in the equations and the resulting walking patterns.
In the light of the prevailing locomotion literature, it seems that there is a gap in the design of walking machines regarding the specification of ob-jective functions. How should these objective functions and their associated parameters be set so that the biped generates a specific gait pattern? Can we cast these objective functions in terms of physically coherent parameters such as step length, progression speed, and equip the biped with the ability of walking on non-smooth surfaces?
The first goal of the present article is to develop objective functions that can be used to synthesize a five-element, non-human, bipedal automaton. These functions are cast in terms of four parameters that completely characterize the motion of the biped during the single support phase. Although, this article considers walking on level surfaces, other actions such as stair climbing, walking on sloped surfaces can be implemented by appropriate selection of the parameters.
The second objective is to establish a correlation among the parameters that characterize the motion and the outcome of the contact of the limbs with the walking surface. This correlation is important because the double support phase arises as a direct consequence of the contact event. In addition, slippage of the lower limbs as a result of contact is considered and parameter choices that violate specific friction conditions are identified.
Several assumptions are made here. The impact is taken to be perfectly plastic and the links are assumed to be rigid. Point contact is taken between the lower limbs and the walking surface. Most importantly, the motion of the system is assumed to perfectly conform with the prescribed gait at the end of the step cycle (constrained contact). This is not an overly restricting assumption since the perturbed system response should be close to the desired one by the end of the step cycle whenever the control action is successful.
First, we present a brief description of the system and summarize the methods that are used in solving the impact problem. Next, kinematic relations that represent the objective functions are derived. Subsequently, the inverse kinematic problem is solved, and the values of the generalized coordinates immediately before contact are computed in closed form. Finally, a parametric study of the contact event is performed. The results are presented in graphical form to facilitate the correlation between the locomotion parameters and the constrained contact.
The Bipedal System, Equations of Motion, and the Dynamic Constraints
In the present study, we consider a planar bipedal model that has five rigid members connected to one another by purely rotational joints. There is an actuator located at each joint. Figure (1) depicts a schematic representation of this system. We assume massless feet to simplify our analysis. Although we neglect the dynamics of the feet, we assume that the biped can apply torques at the ankles. 
where M s is the 5x5 positive definite and symmetric mass matrix, H s is the 5x1 matrix of centrifugal and Coriolis terms, G s is the 5x1 matrix of gravity terms, and Φ,Φ,Φ, and T s are the 5x1 vectors of generalized coordinates, velocities, accelerations and actuator torques, respectively. We present the equations of motion in their general forms only. The specific forms and the actual derivation is straight forward and can be found in previously published articles (Furusho and Masubuchi 1987) .
During locomotion, when the swing limb (i.e., the limb that is not on the ground) contacts the ground surface (heel strike), the generalized velocities will be subject to jump discontinuities resulting from the impact event. Also, the roles of the swing and the stance limbs will be exchanged, resulting in additional discontinuities in the generalized coordinates and velocities (Hurmuzlu and Moskowitz 1986). The individual joint rotations and velocities do not actually change as the result of switching. Yet, from biped's point of view, there is a sudden exchange in the role of the swing and stance side members. This leads to a discontinuity in the mathematical model. We incorporate the switching in the model by relabelling the members corresponding to the lower extremities (i.e. members 1, 2, 4 and 5). The overall effect of the impact and switching can be written as the following transformation matrix between the generalized coordinates immediately before and after these events
where the superscripts − and + denote quantities immediately before and after impact and switching, respectively. Impact equations are derived using the principles of linear and angular impulse and momentum. However, applying these principles require some prior assumptions about the impulsive forces acting on the system during the instant of impact. The solution is subject to two conditions. The impact at the contact point is perfectly plastic (i.e. the tip of the swing limb does not leave the ground surface after impact) and the impulsive moments at the joints are negligible. We identify the proper solution as follows:
Single Impact
There are no impulses at the contact point of the trailing limb, and it is lifted off the ground surface immediately after the contact. The equation representing this case is
where K is a 5x5, C is a 2x5, R 1 is a 5x1 and R 2 is a 2x1 matrix function, andF r = [F rx ,F ry ] T is the impulse at the contact point of the swing (leading) limb with the ground. Here, K(Φ + )Φ + represents the angular momentum of the system about the pivot after impact. Whereas, R 1 (Φ − ,Φ − ) represents the angular momentum of the mechanism about the same point before impact. Also, C(Φ + )Φ + represents the linear momentum after impact and R 2 (Φ − ,Φ − ) represents the linear momentum before impact. The superscripts − and + denote quantities immediately before and after impact and switching respectively. We use Eqs. (2) and (3) to calculate the quantities immediately after impact in terms of the quantities immediately before impact. This solution is valid when,
where,ẏ + T is the velocity of the tip of the trailing limb immediately after impact and µ is the coefficient of friction between the feet and the ground. Inequality (4) is the no slip condition at the contact point. Inequality (5) has to be satisfied because of the assumption that the tip of the trailing limb does not experience any impulsive forces during impact.
Double Impact
There are impulsive forces between the contact points of the stance and swing limbs and the ground. The velocities of these contact points immediately after impact are zero. The corresponding equations can be written as
where H is a 5x7, Q is a 2x5, R 1 is a 5x1
T is the impulse at the contact point of the stance (trailing) limb with the ground. Here,
represents the angular momentum of the system about the pivot after impact. Whereas, R 1 (Φ − ,Φ − ) represents the angular momentum of the mechanism about the same point before impact. Also, Q(Φ + )Φ + represents the velocity constraint due to the double impact. The validity of this solution, however, is dependent on three conditions
Inequality (7) should be met if the trailing limb is expected to remain on the ground after impact. Inequalities (8) and (9) 
Objective Functions
In this section we develop five dynamic constraint functions that can be used as objective functions by a controller. Using these relations, we cast the locomotion of the system in terms of four basic quantities: step length S L , overall locomotion speed V p , maximum clearance of the swing limb H m , and the stance knee bias σ (see Fig. (2) ). Our aim in this part of the article is to correlate the parameter space with the outcomes of the impact event. The impact event is one of the main determinants of the overall motion of the biped. We analyze the contact phenomenon assuming that the objective functions relations are fully satisfied when the system encounters this event.
We drop this requirement in Part II. Numerical values of the geometrical dimensions, masses, and moments of inertia that are used in the numerical simulation are presented in Table ( The constraint relations can be described as follows:
1. Erect body posture: One of the basic aspects of bipedal locomotion is that the biped should maintain an erect posture during locomotion. We will enforce this condition by the following relation
2. Overall progression velocity: We define the "overall progression velocity" as the speed of the center of mass of the upper body in the positive x direction. Using kinematic relations, we obtain the corresponding constraint equation as
where V p is the desired progression velocity.
Trajectory of the swing limb during the single support phase:
The trajectory of the tip of the swing limb during the single support phase is a significant factor in bipedal locomotion. This aspect of the locomotion is similar to the end effector problem in robotic manipulators. The swing limb has to be lifted off the ground surface at the beginning of the step cycle and has to be landed back at the end of it. During the cycle, the tip has to stay clear off the surface to avoid accidental contact. We achieve this goal by invoking the following quadratic relation between the x and y coordinates of the tip
where x T and y T are the x and y coordinates of the tip respectively and the constants c 1 , c 2 and c 3 are parameters that are yet to be determined in terms of step length and the maximum tip clearance. We chose a quadratic relation, because it is the simplest form that allows us to prescribe the desired step length and the tip maximum clearance independently. The advantage of this strategy is the ability of varying the parameters c i to adjust the locomotion according to the walking surface. Gaits such as climbing stairs, walking on inclined surfaces can be easily implemented by the appropriate selection of these parameters. For walking on a smooth horizontal surface, the constants in Eq. (12) become
c 2 = 0 and (14)
where S L is the step length, and H m is the maximum tip clearance. The final form of the constraint relation corresponding to the trajectory of the swing limb is obtained from Eqs. (12) through (15) as
4. Bias of the stance knee: Unlike the knee joints of a human being, the "knee joints" of our system do not lock at certain positions. During the preliminary stages of modelling, we have observed that the stance knee has the tendency to collapse because of the lack of a locking mechanism. We overcome this difficulty by forcing the system to fix the stance knee at a certain angular position during the single support phase. The constraint relation that corresponds to this task is
where σ is the bias angle.
5. Coordination of the motion of the limbs: Although Eq. (16) prescribes the trajectory of the tip of the swing limb, it does not specify the direction of its motion. The direction can be specified by setting
where x 3 is the x coordinate of the center of mass of the upper body. This relation also implies that the tip moves twice as fast as the center of mass of the upper body in the positive x direction. Thus, we also assure that the swing limb arrives the contact point when the upper body is properly centered with respect to the two lower limbs. The dynamic constraint derived from Eq. (18) and the kinematic relations is
Constrained Contact
The term constrained contact is used to imply that the five constraint relationships presented above are satisfied at the onset of the contact event. As we have mentioned above, this assumption will be relaxed in the Part II of this study. We use Eqs. (10), (16), (17) and (19) to obtain
The angular velocities immediately before contact are found from the time derivatives of Eqs. (10), (16), (17) and (19) and Eq. (11) aṡ
where
Equations (20) through (27) represent the values of the joint coordinates and velocities in terms of the four basic locomotion parameters S L , V p , σ, and H m . There are two singular positions that correspond to the values of σ = 0 and σ = ±π. The former singularity corresponds to the fully extended knees and the latter to the fully collapsed knees.
Parametric Study of the Constrained Contact
After specifying the contact event, we now identify the range of the four locomotion parameters that yield a particular type of contact. We substitute Eqs. (20) through (28) into Eqs. (3) and (6), to obtain the post impact velocities and the impulsive forces. This yields
where, N 1 and N 2 are 7x1 vector functions of the parameters S L and σ. The exact form of N 1 and N 2 depends on whether single or double impact occurs. This solution exists everywhere except for the singular positions of the biped where the coefficient matrix does not have an inverse. The exact form of this relation and some of the relations that are presented below were obtained by the symbolic manipulation algorithms of Mathematica TM . These are excessively long relations. Presenting them in their full forms does not add to the understanding of the material presented here and makes the article unnecessarily lengthy. Therefore, we prefer to present some of the equations in their general forms only.
We observe from Eq. (29) that the solution depends linearly on the locomotion speed, V p , and maximum stance limb clearance, H m . The required friction force for no-slip impact does not depend on V p . Varying V p causes proportional changes in the x and y components of the impulsive forces. Thus, the ratio of the x and y components remains unchanged. The general form of the impulse ratio for single impact iŝ
where the bracketed superscripts denote the n th element of the corresponding vectors.
For the double impact case, the slip conditions must be checked for the two contact points between the ground and the limbs. The corresponding impulse ratios areF
where µ dL and µ dT are the no-slip impulse ratios for the leading and trailing limbs respectively. Also, G [L] ij ,G [T ] ij , H [L] ij and H [T ] ij are functions of the parameters S L and σ. The vertical velocity of the trailing limb immediately after impact for the single impact case iṡ
Ifẏ + T is positive, the single impact solution is used. Whenẏ + T is negative, double impact solution is used. Equation (33) reveals that V p does not affect this transition process. Therefore, considering Eqs. (30) through (34), we observe that the no-slip conditions and the transition from single to double impact depend only on the three parameters, S L , σ, and H m . We now identify the regions of the three dimensional parameter space that correspond to the single or the double impact cases. Then, for each region, we find the subregions where the corresponding parameter values lead to no-slip impact. Increasing H m causes the swing limb to strike the ground with higher vertical velocities, eventually leading to the lifting off the trailing limb without an impact at the contact point. When σ is increased, the angular momentum of the system about the contact point before impact varies such that the forward roll of the biped decreases, eventually leading to double impact.
Single and double impact regions
As the parameter S L is increased we encounter C. This surface is almost insensitive to variations in H m and σ. There is a transition that does not depend on σ or H m at the step length of approximately 1.23 meters. The equation that represents this surface is obtained from Eq. (34) as S t a n c e k n e e b i a s ( r a d i a n s ) σ 
The no-slip impact regions
Having identified the double and single impact regions in the parameter space, we now use Eqs. (30) through (32) to find the no-slip subregions in each impact region. We solve for H m in terms of the other two parameters and the friction coefficients. A critical coefficient of friction, µ, of 1.2 between the feet and the ground is used to obtain the surfaces depicted in Figs. (4) , (5), and (6). Higher coefficients cause the respective friction surfaces to translate in the positive H m direction, whereas lower values lead to translate in the negative direction. Figure (4) shows the no-slip surface corresponding to the single impact case. Parameter values that lie above F s produce contact with no slipping. We observe that F s lies above B and that F s replaces B as the bounding surface of the single impact, no-slip region. Therefore, F s , A, and C bound the volume in which the biped undergoes single impact without slipping. S t a n c e k n e e b i a s σ ( r a d i a n s ) Figure 6 : Double impact, no-slip region for long step lengths.
We use Eqs. (31) and (32) to find the no-slip regions for double impact case. Figure (5) displays the region for short step lengths. Again, a critical friction coefficient, µ, of 1.2 is used for both sides. The no-slip region for the leading and the trailing limbs are the volumes that lie above F sL and below F sT respectively. Since both F sL and F sT lie above B, the double impact case cannot exist for short step lengths without the slippage of the leading limb during impact for µ = 1.2.
Figure (6) represents the double impact case for long step lengths. The no-slip regions for the leading and trailing limb lie above F sL and inside F sT respectively. Therefore, the no-slip subspace for the double impact at longer step lengths, i.e. the intersection of F sL and F sT , effectively becomes the volume enclosed by F sT and A. Increasing σ increases the likelihood of the slippage of the trailing limb without a significant effect on the leading limb, and increasing S L makes both limbs more likely to slip.
Conclusions
Previous approaches to the problem of prescribing the motion of bipedal machines seem to fall short in terms of possessing a well defined structure to address the design process. An approach has been presented to develop objective functions that can be used in conjunction with a controller to regulate the gait of a planar, five-element bipedal automaton. These functions are cast in terms of the progression speed, step length, maximum step height, and the stance knee bias. The transition process between successive steps is a crucial factor that should be considered in the modelling of gait. The contact event which initiates this transition may lead to locomotion with single and/or double support phases, or slippage of the feet at contact. A parametric study in the four dimensional space is performed to correlate the locomotion parameters with the outcome of the contact event. The results for a fixed friction coefficient are presented in graphical form to directly observe this correlation and facilitate the choice of a parameter set that produces a specific type of contact.
Simplifying assumptions include rigid elements and point contact between the lower limbs and the walking surface. Most importantly the motion of the biped is assumed to perfectly conform with the objective functions at the instant of contact. We did not elaborate on a control algorithm that will be responsible for the trajectory tracking. The relation between the trajectory tracking and the dynamics and stability of the overall gait has also been left uncovered. The conformity condition is dropped in Part II of this article. Also, Part II will address the control and stability issues for the overall motion and present a thorough analysis of the dynamics.
